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This study presents a data-driven approach for modeling subgrid-scale (SGS) stresses in
turbulent channel flow using a fully connected neural network (FCNN), also known as
a multilayer perceptron (MLP). Our data-driven closure model is based on localized
learning, and the FCNN architecture has a point-to-point mapping framework. The
MLP-based SGS model is trained using direct numerical simulation (DNS) data of a
turbulent channel flow at the bulk Reynolds number Re = 4400, corresponding to the
friction Reynolds number Re, = 180.Performance of the FCCN model is assessed
using a priori analysis in comparison with the filtered DNS (fDNS) data of the turbulent
channel flow. Resolved flow statistics, including filtered velocity gradients and wall
distance, are employed as input parameters for training the FCNN. To evaluate the
significance of the feature inputs, we utilize random forest regression, which reveals that
y* is a critical factor in predicting the output, which can reduce the compactional costs.
In an a priori test, the model achieved a correlation coefficient exceeding 95% for the
components of the SGS stress tensor, which have non-zero mean values. Finally,
potential strategies for improving prediction accuracy and overall performance are
explored. The findings demonstrate that the proposed FCNN can accurately reproduce
key turbulence characteristics, offering a promising step toward efficient, Al-based
turbulence modeling.

Keywords: Turbulent Channel Flow, FCNN, SGS- Modeling, A Priori Analysis,
Random Forest Regression.
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1. Introduction

range of spatial and temporal scales. Large eddy
simulation (LES) and Reynolds-averaged Navier-

Simulations of turbulent flows aim to model the
complex and chaotic behavior of fluid motion,
often using computational fluid dynamics
techniques, to understand and predict phenomena
such as turbulence, heat transfer, and pressure
distribution, which are critical in various
engineering applications [1]. The DNS of complex
fluid flows, often found in engineering and
geophysical applications, is computationally
impractical because it requires capturing a wide

Stokes (RANS) modeling are two widely used
approaches that offer accurate predictions by
considering the interactions between the smaller
unresolved scales and the larger resolved ones.
Developing these models, known as the turbulence
closure problem, has been a persistent challenge in
fluid mechanics [2]. In LES, the Navier-Stokes
equations are filtered to separate large and small
scales, which leads to simpler equations that are
quicker to solve than the full Navier-Stokes
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equations. The interaction between the resolved
and unresolved scales is captured by adding SGS
modeling [3],The main role of the SGS model is to
represent the energy dissipation, which describes
how energy moves from the larger scales to the
smaller scales. This dissipation is modeled using an
eddy viscosity parameter based on the grid-
resolved data[4]. A wide range of classical SGS
models has been proposed. For instance, the
Smagorinsky model [5] utilizes a global constant,
known as the Smagorinsky coefficient, to represent
the mean dissipation of energy. However,
numerous studies have shown that a single value
for the Smagorinsky coefficient is not suitable for
capturing a wide range of flow phenomena [6]. The
limitations of the static Smagorinsky model can be
addressed by employing the dynamic Smagorinsky
model (DSM) introduced by Germano et al. [2].
Several variations of Germano’s DSM have been
developed to address the limitations of the standard
DSM. These include a localized version to resolve
mathematical inconsistencies [7], a Lagrangian
version [8], and a DSM with an added corrector
step [9].

Over the past decade, the vast amount of data
generated from experiments and high-fidelity
simulations has enabled the widespread application
of machine learning (ML) algorithms in fluid
mechanics. ML techniques are now employed in
various areas such as flow control, flow
optimization, reduced-order modeling, flow
reconstruction,  super-resolution, and flow
cleansing [10]. One of the earliest uses of deep
learning turbulence was demonstrated by Milano
and Koumoutsakos [11], who utilized artificial
neural networks to reconstruct near-wall
turbulence, significantly improving the prediction
accuracy of velocity fields. Since then, numerous
ML approaches have been proposed, including
shallow decoders for flow reconstruction [12],
convolutional neural networks for super-resolution
of turbulent flows [13], and deep convolutional
autoencoders for nonlinear model order reduction.

ML algorithms have also been effectively
applied to the turbulence closure problem,
alongside reduced-order modeling and chaotic
dynamical systems, helping to reduce the time of
simulation in RANS and LES models. For instance,
Maulik and San [14], as well as Maulik et al. [15],
employed multi-grid-point data from filtered flow
fields as inputs to predict single-grid-point
deconvolved vorticity and stream functions in
turbulence. Similarly, Zhou et al. [16] proposed a
novel approach for SGS stress closure by using the
filter size and the velocity gradient tensor as input
features of an ML algorithm. Sarghini et al.[17]

employed LES data to predict the coefficients of
the Smagorinsky term within a Smagorinsky mixed
model. Similarly, Gamahara and Hattori [18]
showed that includingy*along with the filtered
strain rate tensor improved neural network (NN)
predictions of non-diagonal SGS  stress
components in turbulent channel flow. Park and
Choi [19] utilized a large dataset of instantaneous
flow fields and a multi-grid point approach for NN
training without incorporating y*as an input
variable. While the a priori tests showed relatively
low correlation coefficients for the predicted
variables, a posteriori tests revealed that the NN
model outperformed traditional SGS models,
including the DSM and the scale-similarity model.
These previous studies have demonstrated the
potential of NN-based models for turbulence
modeling; however, they primarily relied on the
filtered strain rate tensor as input. The motivation
for this study is to highlight the importance of
feature inputs that have a significant influence on
learning SGS stresses and improving prediction
accuracy. To achieve this objective, we propose a
FCNN specifically designed for a 3D turbulent
channel flow at a single grid point [20]. The FCNN
employs filtered velocity gradients and wall
distance as input features. The present work model
differs from previous studies in several important
aspects, such as the inclusion of wall distance as an
input feature, using localized training, and the use
of single-point mapping. Additionally, we focus
solely on a priori testing to assess the model's
predictive performance. The rest of this paper is
organized as follows:

In Section 1, we introduce the problem
definition, which is divided into three parts. First,
we describe the turbulent channel flow. Next, we
discuss the numerical method used. Finally, we
explain the architecture of the FCNN and its setup.
In Section 2, we present the results and discussion,
organized into three parts. We begin by discussing
the training process and loss validation. Then, we
analyze the importance of the input features using
the random forest regression algorithm. Lastly, we
explain the predicted SGS stresses.

2. Problem Definition
2-1. Turbulent Channel Flow

A DNS of turbulent channel flow at the friction
Reynolds number Re, = 180 was performed to
construct the input-output datasets required for
training the FCNN [4]. We used a single time
snapshot for a priori training/assessment;
therefore, temporal resolution does not apply to our
analysis. The friction Reynolds number and the
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bulk Reynolds number are defined as Re; =
u6/9and Re, = Uy (26)/v, where u, is the
friction velocity, & is the half of the channel width,
Uy represents the bulk velocity, and v denotes the
kinematic viscosity. As depicted in Figure 1, the
computational domain spans L, = 276, L, = 26,

L, =mé , with x, y and z denoting streamwise,
wall-normal, and spanwise directions,
respectively. Periodic boundary conditions are
imposed in the streamwise and spanwise
directions, whereas no-slip and boundary
conditions are enforced at the channel walls
(y/6 = +£1). Spatial discretization is carried out
using Fourier series in the homogeneous directions
and Chebyshev polynomial expansions in the wall-
normal direction, with aliasing errors mitigated
through spectral filtering to ensure numerical
accuracy and solution stability. The computational
grid consists of N, =128,N,, =129 and N, =
128 points. The corresponding grid spacings,
expressed in wall units, are given in equation (1),
AX+ — uAx urAz

5yt =T, gt =R @

Here Ax, Ay and Az represent the grid spacings
in the x,y and z directions, respectively. The

friction velocity u, is defined as u, = fTWT?‘” :

where 7,415 the wall shear stress and p is the
fluid density.

Flow

................... Lr
Fig. 1. A schematic representation of the
computational domain.

2-2. Numerical method
2-2-1. Governing equations

The Navier—Stokes are given as:

aui -0 (2)
6xi B
ou; Ou;0u; 1dp 0%u;

— ==+ (3)
Jt 0x; p Ox; 0x;0x;

Here,x; represents the cartesian coordinates,
u;denotes the velocity components, t is time, p is
pressure, p is density, and v is the kinematic
viscosity of the fluid.

2-2-2. LES and Filtering Method

LES is a technique for turbulent flow simulations
by directly capturing large-scale structures and
modeling the influence of smaller unresolved
scales. This is accomplished using filter operations
that divide the flow field into resolved large-scale
features and SGS components. The filtered
Navier—Stokes equations for LES are derived by
applying a top-hat filter shows by(-)to the original

equations.
% 4
@ + al_llal_l] _ _l@ +y azﬁi _ aTi]' (5)
Jat ox; p Ox; 0x;0x; 0x;

Here, 1; represents the filtered velocity
components, p is the filtered pressure, and 7;; =
u;u; — u;u; represents the SGS stress tensor.

Prior to computing the sub-grid scale
components from DNS data using Eq. (6), a
filtering operation must be conducted. Within the
framework of LES, this filtering is conventionally
implemented through a convolution of the target
function with a prescribed filter kernel.

f= | r@656 = 0rg ®)
D

The convolution-based filtering is performed
over the domain D utilizing the top-hat kernel
Gz[21], with the corresponding filter width given
by A= 4A.

The flow variables are processed using a top-
filter, which is implemented through a one-
dimensional top-hat filter formulation.

L i+n/2-1
fi= %(fi—n/z +2

For further information regarding the filtering
technique, refer to [22]. Here f; represents a
function of interest at a discrete spatial location. In
this study, the filter-to-grid size ratio is defined
asn = A/A. Filtering is performed in the
horizontal x —z plane, which is a standard
approach in LES of turbulent channel flows with
non-uniform grid spacing in the wall-normal
direction [4]. Filtering in the wall-normal direction
using the top-hat filter employed in this work is
deliberately avoided, as it would violate the
continuity equation due to the non-uniform grid
distribution in that direction.

For this investigation, the filtering scale ratio
n is set to 4 in both the streamwise x and spanwise
z directions. The filtering procedure is applied to a
single flow variable from the DNS[20]. The impact
of the size on the SGS terms is studied through an

fi + fi+n/2> (7)

i-n/2+1
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analysis of the turbulent kinetic energy, which
indicates that the filtering approach is consistence
with the anticipated results. However, as the filter
size increases, the accuracy tends to decrease. A
larger A means more energy goes unresolved,
making the SGS terms larger and more nonlocal,
leading to higher errors in the overall learning task.

2-2-3. Architecture of the artificial neural network

This study utilizes FCNN, also known as MLP, to
predict the six components of the SGS stress
tensor, denoted as 7;;. The network is trained using
filtered input data, which are the gradient
velocities, obtained from fDNS fields, and another
input data isy*. These fields are produced by
applying top-hat filters to the instantaneous DNS
data of turbulent channel flow [23]. All pre-
processing and numerical operations, including
DNS filtering with the top-hat filter, are performed
in MATLAB. The processed datasets are then
exported and used to train/evaluate the neural
networks in Python with an open-source library
named TensorFlow and Keras. The FCNN,
implemented using the Tensorflow library and
Keras API, serves as a nonlinear approximation
model for predicting the SGS stress tensor. In
contrast to the method proposed by Park and Choi
[19], which used flow data from multiple grid
points and 200 instantaneous flow fields, this study
uses flow variables from a single grid point within
a single instantaneous flow field as input data. To
improve the model's generalization and learning
capability, the dataset from one flow field is
randomly divided, with 80% allocated for training
and the remaining 20% for testing. The architecture
of the FCNN, as depicted in Figure 3, consists of
an input layer with 10 neurons, two hidden layers,
each containing 150 neurons, and an output layer
with 6 neurons. The hidden layers employ
Rectified Linear Unit (ReLU) activation functions,
while the Adam optimizer is utilized for efficient
model training. The details of the hyperparameter
tuning with grid search are summarized in Table 1.
Hyperparameter optimization was performed to
identify the most suitable configuration, as shown
in Table 2. The model was subsequently trained
with an extended epoch limit of 4000,
incorporating early stopping to mitigate
overfitting. Convergence of the loss was achieved
within approximately 306 epochs. The learning
rate was set at 0.001, as suggested in previous
studies [19]. The details of the configuration used
to construct the FCNN are summarized in Table 2.
The inputs provided to the FCNN model are
outlined below:

Xi-10= [a_x.'er] (8)

Fig. 3. The structure of the FCNN with
{10,150,150,6} neurons for predicting SGS stress
tensor.

I, J

Fig. 4. The FCNN-based point-to-point mapping for
recognizing grid structures.

Tablel. The hyperparameter tuning with grid

search.
Parameter value
Number of layers 2,3,4
Number of neurons for per 64,128,150, 256
layer
Learning rate 0.001
Activation function RelU,ELU,GELU
Optimizer function Adam
Batch normalization True
K — fold True—m =5
Batch size 32,64,128

Early stopping patience = 30

Table 2. The best configuration for the training.
Neurons per  Hidden  Batch

Layers hidden layer layer size Epochs
2 150 2 64 4000
Table 3. The setup for FCNN model.
Learning  Batch
Model Input rate Size Output
ou;
FCNN 2% e 001 64 Ty

)
an

To ensure reliable performance for the
evaluation and to reduce the risk of overfitting to a
specific partition of the data, K — fold cross-
validation was employed with K set to 5 [24]. This
technique  enhances the robustness and
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generalizability of the model by ensuring that every
data point is used for both training and validation,
mitigating the risk of bias due to data partitioning.

During the training process, the input was
normalized by using X' = X,,;, — /o in order to
achieve a zero mean and unit variance, which
enhances the training performance. Where X'
denotes the normalized input data, X,,;, refers to
the original input data, u indicates the mean of the
original input data, and o represents its standard
deviation.

The transition from (n — 1), layer to n, layer
is described mathematically. The two hidden layers
of the NN model are defined by the following
expressions.

X™ = 0(Lie XOW,™ + BM) )

The parameters W;™and B; ™ were optimized
using backpropagation with the Adam algorithm.
The output layer was linear. The activation
function in the hidden layer (a) was the rectified
linear unit, where for positive values a is given, and
for negative values the function holds zero values.

In FCNN, weights are initialized with small
random values to avoid redundant computations
and enhance learning, while biases are set to zero
to simplify the initial state. Hidden layers use the
RelLU activation function, which is
computationally efficient and prevents the
vanishing gradient problem, facilitating effective
training of deep networks. The output layer
employs a linear activation function, ideal for
predicting continuous values like the components
of the SGS stress tensor. This combination ensures
efficient training and accurate regression
performance.

The weights and biases of each layer are
progressively adjusted and refined throughout the
learning process. The loss function is defined using
mean squared error (MSE), as described below:

n

1 .
MSE =" (% = %)’ (10)
i=1
The variables Y; ,Y; and n represent the true
values, predicted values, and the total number of

data points, respectively.

3. Results and Discussion
3-1. Training and Loss Validation

In this section, we discussed the evaluation and
performance of the model, as well as its robustness.
To assess the model's accuracy and robustness,
various metrics can be used, including the R*-score
MSE and Mean Absolute Error (MAE) [25]. These
metrics are calculated and presented in the table 5.

Table 4. The performance of the model.
Model MAE MSE R2 score
FCNN 8.306x10° 2.98x10®  86.72%

The R2 score of 86.72% indicates a good fit and
suggests the model captures most of the variability
in the data. However, some of the variance remains
unexplained, possibly due to factors not included
in the model, such as omitted variables, noise, or
the complexity of the input features. The MAE
indicates that, on average, the predicted values
deviate very little from the actual values, which
reflects strong model performance. The MSE,
though harder to interpret directly, suggests that the
model's predictions are highly accurate with very
small squared errors. Together, the low values of
MAE and MSE reinforce the conclusion that the
model is making precise predictions with minimal
error.

When training an ML model, plotting the
training loss and validation loss against the number
of epochs is a common practice to monitor the
model's performance, as it allows you to identify
issues like overfitting and underfitting by
observing how the model learns on both the
training data and a separate validation set
throughout the training process [26], as it is shown
in the Fig. 4.

Fig. 4 shows the training and validation losses
for 306 epochs, illustrating the model's learning
and generalization. The training loss (black line)
steadily decreases, indicating the model is learning
well from the training data. The validation loss
(green line) initially decreases alongside the
training loss, suggesting good generalization to
unseen data. Between epochs 50 and 100, both
losses stabilize, showing that the model has likely
converged to optimal performance. The small gap
between the training and validation losses indicates
that the model is neither overfitting nor
underfitting, suggesting good regularization. While
slight fluctuations in the validation loss are normal,
they may be due to variations in the dataset.
Overall, the trends suggest a well-tuned model,
capable of generalizing well to real-world tasks
without significant overfitting or underfitting.

3-2. Feature Importance

Feature importance in machine learning refers to
techniques used to evaluate the relative
contribution of each feature in a dataset to a
model's predictions [27]. In the context of random
forests, it highlights the most influential features
driving the model's decisions. This concept is



Azarshab and Pouransari: A Numerical Investigation of Subgrid-Scale Stresses ... 42

applied to analyze the importance of filtered
velocity gradient components and wall distance in
predicting target variables related to turbulent
channel flow using random forest regression,
providing insights into the key factors influencing
the predictions. A random forest regression with 50
estimators was trained on the dataset using the
following features: Velocity gradient components
‘du;/0x; non-dimensional wall distance y*. We
have added the wall distance y* as an input,
allowing the model to learn spatial dependences.
Among the input features analyzed, the wall-
normal distance in wall units y* exhibited the
highest relative importance, with a value of
0.799234, as shown in Fig. 5. This indicates that
proximity to the wall is the dominant factor
influencing the prediction of SGS stresses. This
observation is consistent with the physical
behavior of wall-bounded turbulent flows, where
turbulence characteristics vary significantly with
distance from the wall, especially within the
viscous sublayer and buffer region.

The feature importance analysis was also
leveraged to guide feature selection, intending to
reduce the input dimensionality to the FCNN. By
identifying and retaining only the most influential
features such as y* the model complexity and
computational cost can be significantly reduced
without sacrificing predictive accuracy. This
streamlined input space facilitates more efficient
training and inference, which is especially
advantageous in large-scale simulations or real-
time applications. It is important to note that the
present study does not claim that introducing
y*alone reduces computational cost. Rather, the
Random Forest feature-importance analysis
consistently identified y*tas one of the most
informative variables, which motivated retraining

the model with a reduced set of input features. This
reduction is expected to lower computational cost
during a posteriori analyses in future
investigations.

1.4

0.2

L L 1
0% T00

EpOCh 200 300

Fig. 5. Training loss (black line) and validation loss
(green line) curves for the current FCNN.

Table 5. Input feature importance for the FCNN.

Feature Importance Feature Importance

y* 0.799234 a—v 0.014346
ox

ou av

—_— 0.067819 — 0.011124

dy 0z

ou aw

— 0.036562 —_— 0.011009

0z dy

ou av

— 0.021885 — 0.010426

0x dy

ow 0.01723 ow 0.010369

dx dz

3-3. SGS stresses predictions

The performance of the FCNN model is assessed
based on its ability to accurately predict the
unclosed SGS terms compared to their actual
values.

Feature importance

Feature

0.0 0.1 0.2 0.3

0.4

0.5 0.6 0.7 0.8

Importance

Fig. 6. Feature importances result from applying the random forest regression.
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This evaluation uses the correlation coefficient
as a metric, which quantifies how closely the
predictions of FCNN align with the true unclosed

SGS terms [28]. The correlation coefficient is
defined as follows:

N N
COY) = ) (7™ = TPy (e — Fire) / .

i=1 i=1

Here, Y™ represents the SGS unclosed term

predicted by the FCNN, Y™€ denotes the actual
SGS unclosed term, and N = N, N, =N,
corresponds to the total number of grid points.

In this section, we discuss the reliability and
robustness of these predictions, with the correlation
coefficient serving as the primary measure of
evaluation. The correlation coefficients were
computed for the six components of SGS stress,
and the corresponding values are presented in the
Table 6.

The components 7,1, T12, T22, T33 exhibit high
correlations, exceeding 95%, indicating that the
model's predictions closely match the actual data.
In contrast, the remaining components, 73, T3
show slightly lower correlations of 86% and 87%,
respectively, when compared to the actual SGS
stress values. This suggests that the model
encounters greater difficulty in predicting these
stress components relative to the others. In Fig. 6,
the SGS stresses from the fDNS and FCNN models
are compared in the plots.

Table 6. SGS stress correlation coefficients.
Model 744 T12 T13 To2 T23 T23
FCNN 0.969 0.967 0.860 0.961 0.871 0.955

Fig. 7 compares the (t;;)/uZ vs y* in turbulent
channel flow, as predicted by the FCNN model and
obtained from fDNS data. Fig 7. (a) represents the
(t11)/u? . The profile rises sharply in the near-wall
region, reaching a peak of about 2.2 at y* = 15
before decaying toward the channel centerline. The
FCNN accurately reproduces both the peak
magnitude and location, with only minor
deviations near the maximum. Fig. 7(b) shows the
(T12)/u?. The distribution increases linearly within
the viscous sublayer, peaks about 0.26 at y* =
25, and follows fDNS trends closely, with slight
underprediction in the logarithmic region 30 <
y* < 70. Fig 7(c) denotes the (t,,)/u?. The stress
grows steadily to 0.34 at y* = 40 and then decays
toward the channel centerline. The FCNN provides
an excellent match to fDNS across the entire range,
accurately capturing both magnitude and peak
location. Fig. 7(d) depicts the (z33)/u?. The profile
starts from zero at the wall, peaks around 0.40 at

N

_ Z_Pred)z Z(Yitrue _ Yitrue)z (11)

i=1

y* = 50, and decreases gradually toward the outer
region. The model closely matches fDNS across all
y*, with negligible underprediction at the peak.
Overall, the FCNN model demonstrates strong
predictive capability for all SGS stress components
except t,3,T,3 for accurately capturing their
magnitudes, peak locations, and wall-normal
variations. These results highlight the model’s
ability to represent turbulence anisotropy and
momentum transfer mechanisms in wall-bounded
flows. A similar performance at higher Reynolds
numbers is anticipated, which needs to be
examined in further studies.

4. Conclusions

In this study, we utilized a data-driven 3D turbulent
channel flow for modeling SGS stresses by using
an FCNN model. The performance of the model
was assessed through a priori analysis to determine
its effectiveness. The training dataset for the FCNN
was leveraged using DNS at the specified friction
Reynolds number Re; = 180. To obtain fDNS, a
top-hat filter with a size of n = 4 was applied in
the x and z directions due to the uniform grid. The
FCNN demonstrated strong overall performance,
though some challenges were observed when
predicting certain complex SGS components such
as 7,3 and 1,3 with 0.86 and 0.871 performance
respectively. The R? — score = 86.72%
performance shows that the model captures most of
the variability in the data. Future work could
explore the use of advanced neural network
architectures to enhance prediction accuracy and
better address these complexities. By analyzing
feature importances using random forest
regression, it is possible to reduce the number of
inputs, thereby lowering the computational cost for
future exploration and research. Additionally,
applying and comparing different filtering methods
could further refine the predictions and provide
valuable insights. The proposed model, though
trained exclusively at Re, = 180, exhibits strong
generalization capabilities. Its scale-aware design,
based on inner scaling of inputs and targets, allows
for effective adaptation to other Reynolds numbers
while maintaining comparable accuracy for similar
flow conditions.
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Fig. 7. Comparison of SGS stresses, 711, T12, T22, T33, averaged in the streamwise and spanwise directions,
between fDNS( circle line) and FCNN (dashed line) results.
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